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Homework Exercise 1: Reductions [8 points]
Consider the following languages over Σ = {0, 1,#}. Show without using Rice’s Theorem, that
none of them are semi-decidable.

a) [2 points] L1 ∶= { x#y#z ∣ x /∈ L(My) or y /∈ L(Mz) or z /∈ L(Mx) }
b) [2 points] L2 ∶= {w ∣ {ε} ⊆ L(Mw) ⊆ {0}∗ }
c) [2 points] L3 ∶= L2 = {w ∣ ε /∈ L(Mw) or L(Mw) /⊆ {0}∗ }
d) [2 points] L4 ∶= {w ∣w encodes a contextfree Grammar Gw with (ΣΣ)∗ ⊆ L(Gw) }
Homework Exercise 2: Rice’s Theorem [4 points]
Prove Theorem 5.10 of the lecture notes: Every non-monotonic property of recusively-
enumerable languages (RE) is not semi-decidable. A property P ∶ RE → {0, 1} is calledmonotone,
if for all languages L1 ⊆ L2, P(L1) ≤ P(L2) holds. (If P(L1) = 1, then P(L2) = 1.)

a) [4 points] Show that no non-monotonic property of RE languages is semi-decidable.

Homework Exercise 3: Computability [6 points]
Consider the following partial function longestWord ∶ DTM /→ N

and countEquiv ∶ DTM × {0, 1}∗ /→ N.

longestWord(w) = ⎧⎪⎪⎪⎨⎪⎪⎪⎩max{ ∣x∣ ∣ x ∈ L(Mw) } if L(Mw) finite
undefined otherwise

a) [3 points] Show with a reduction, that longestWord is uncomputable.

countEquiv(w, x) =
⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
∣L(Mw)∣ if x ∈ L(Mw) and L(Mw) finite∣Σ∗ \ L(Mw)∣ if x /∈ L(Mw) and Σ∗ \ L(Mw) finite
0 sonst

b) [3 points] Show by using a reduction, that countMissing is uncomputable.



Exercise 4:
Show by using a reduction, that the following problems are undecidable.

Triple-PCP

Given: A finite sequence of triples ⟨x1, y1, z1⟩, . . . , ⟨xk, yk, zk⟩
of words over {0, 1}.

Question: Does a non-empty sequence of indexes i1, . . . , in exist,
such that xi1 , . . . , xin = yi1 , . . . , yin = zi1 , . . . , zin?

Show that the Triple-PCP is not co-semi-decidable.

Exercise 5:
Consider the following partial function choose ∶ TM × TM × {0, 1}∗ → {0, 1}:

choose(⟨M0⟩, ⟨M1⟩, x) = ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
0 if x ∈ L(M0)
1 if x ∈ L(M1) \ L(M0)
undefined if x /∈ L(M0) ∪ L(M1)

Show that choose is uncomputable.

Exercise 6:
If possible, apply Rice’s theoremon the following languages. Reasonwhyorwhynot the theorem
is applicable.
L5 = {w ∈ {0, 1}∗ ∣ L(Mw) is not decidable. }
L6 = {w ∣ L(Mw) ≤ HP}
L7 = {w ∣ exists n ≤ ∣δMw∣with 0n ∈ L(Mw) }
L8 = {w ∣ {0011}.L(Mw) = Σ∗ }
Exercise 7:
Consider the following language LCopy = {w#w ∣w ∈ {a, b}∗} ⊆ {a, b,#}∗.
Ordnen Sie die Sprache LCopy möglichst genau in die folgenden Klassen ein: DTIME(O(f(n))),
NTIME(O(g(n))), DSPACE(O(h(n))) und NSPACE(O(j(n))). Findet Sie dazu möglichst kleine Funktio-
nen f, g, h und j, sodass LCopy in den jeweiligen Klassen enthalten ist.

Begründen Sie ihre Wahl, indem Sie jeweils die Arbeitsweise einer passenden Turingmaschine
erklären (genaue Konstruktionen sind unnötig).


