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Homework Exercise 1: Join-Meet-Continuity [5 points]
Prove or disprove, if the following statements hold.

a) [2 points] Let n1, n2, n3 ∈ N \ {0} be positive integers and D ∶= { k ∈ N ∣ k ∣ n1 ⋅ n2 ⋅ n3 } the
set of divisors of the product n1 ⋅ n2 ⋅ n3. Consider the lattice ⟨D, ∣ ⟩. Show that the function
fa ∶ D → D is ⊓-continuous.

fa(x) = gcd(n1, lcm(n2, n3 ⋅ x))
b) [1 point] Let M be a finite set, R ⊆ M × M a binary relation over M. Consider the complete

lattice ⟨P(M),⊆⟩. Show that the function fb ∶ P(M) → P(M) is not ⊔-continuous.
fb(X) = { y ∈ M ∣ ∀x ∈ M ∶ ⟨x, y⟩ ∈ R ⇒ x ∈ X }

c) [2 points] Let ⟨B, E,→⟩ be a control flow graph. Consider the lattice ⟨P(Var)B,⊆B⟩, where all
elements F,G ∶ B → P(Var) are ordered by F ⊆B G iff ∀b ∈ B ∶ F(b) ⊆ G(b). A block is said
to use a variable, if the variable appears inside any expression contained in the block (except
the assigned variable of an assignment). Show that the function fc ∶ P(Var)B → P(Var)B is
⊔-continuous.

fc(X)(b) = { x »»»»» ∃b′ ∈ B ∶ b → b′ and (b′ uses x or (b′ ≠ [x ∶= e]l and x ∈ Xb′)) }
Homework Exercise 2: Graph Reachability [8 points]
Find all vertices in the following graph G = ⟨V, E⟩, that are reachable from the initial nodes.

q0 q1 q2 q3

q4 q5 q6 q7

Let v ∈ V be an initial vertex. Consider the function fv ∶ P(V) → P(V) with
fv(X) ∶= { y ∣ y = v or ∃x ∈ X ∶ ⟨x, y⟩ ∈ E }.
a) [4 points] Compute lfp(fq0) using the sequence in Kleene’s fixed point theorem.

b) [4 points] Compute lfp(fq2) using the sequence in Kleene’s fixed point theorem.



Homework Exercise 3: Graph Unreachability [10 points]
Find all vertices in the following graph G = ⟨V, E⟩, that are not reachable from the start node q0.

q0 q1 q2 q3

q4 q5 q6 q7

Consider the function f ∶ P(V) → P(V)with f(X) = { v ∈ V ∣ v ≠ q0 and (∀x ∈ V \ X∶ ⟨x, v⟩ /∈ E) }.
a) [3 points] Show that f is monotone in ⟨P(V),⊆⟩.
b) [3 points] Show that f is ⊓-continuous in ⟨P(V),⊆⟩.
c) [4 points] Compute gfp(f) using the sequence in Kleene’s fixed point theorem.

Homework Exercise 4: Live Variables [9 points]
Consider the following program.[x ∶= 0]0

while [x2 < y]1 do[z ∶= x + 1]2[x ∶= z2 + z]3
end while
if [x2 = y]4 then[z ∶= 1]5
else[z ∶= y]6
end if[x ∶= z]7

Map each block in the left program to the set of variables that may be read by some other block
later in the program order.

a) [1 point] Draw the control flow graph G. Note that this is a backwards analysis.

b) [3 points] Consider the lattice D = ⟨P({x, y, z}),⊆⟩. Assign for each block b ∈ B a suitable,
monotone transfer function fb over this lattice.

c) [5 points] Consider the data flow system ⟨G,D, {x, y, z}, (fb)b∈B⟩. Write down the induced equa-
tion system and determine its least solution using Kleene’s fixed point theorem.



Exercise 5:
Consider the following program.[x ∶= 0]0

while [x < 24]1 do[y ∶= 3x + 2]2
while [y < 5x]3 do[y ∶= y + 2]4

if [3x < y]5 then[x ∶= x + 1]6
end if

end while
end while[x ∶= x − 14]7

Map each block in the right program to the set of assignment blocks, that may have determined
the current value of some variable when this block starts.

Draw the control flow graph G. Mark its extremal blocks. Note that this is a forwards analysis.

Consider the lattice D = ⟨P({x, y} × (B + {?})),⊆⟩. Assign for each block b ∈ B a suitable, mono-
tone transfer function fb over this lattice.

Consider the data flow system ⟨G,D, {(x, ?), (y, ?)}, (fb)b∈B⟩. Write down the induced equation
system and determine its least solution using Kleene’s fixed point theorem.


