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Exercise 2.1 [Recursive decidability]
A set M is called recursively decidable if there is an algorithm that, given w as input,

halts after a finite amount of time and
• outputs „1“ if w P M and
• outputs „0“ if w R M .

A set M is called recursively enumerable, if there is an algorithm that outputs a (possibly
infinite) sequence in which each element occurs if and only if it is contained in M .
Let Ax and R be recursively decidable sets of formulae in the calculus F � FpAx, Rq.
Show that
a) the set of proofs in the calculus pAx, Rq is decidable and
b) T pFq is recursively enumerable.
Here, a short description of the involved algorithms (e.g. using bullet points) is sufficient.
Note: F is not necessarily the same as F0.

Exercise 2.2 [Inconsistency]
Show that Σ $F0 A if and only if ΣY t Au is inconsistent.

Exercise 2.3 [Proving in F0]
Prove the following statements without relying on the completeness of F0. You

can, however, use Exercise 2.2, the deduction theorem (for F0) and the theorems from
“Beispiel 1.22” on the slides.
a) $F0 pA Ñ  Aq Ñ  A.
b) If B is an axiom in F0, then $F0 pA Ñ  Bq Ñ  A.
c) $F0  pA Ñ Bq Ñ pB Ñ Aq.

Exercise 2.4 [Complete sets of connectives]
Using structural induction, show that tÑ, u is a complete set of connectives.
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