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Submit your solutions until Wednesday, November 22, during the lecture. You may submit in
groups up to three persons.

Exercise 1: Well quasi orderings

1. Prove or disprove that (N, /) is a well-quasi ordering, here a/b means "a divides b”.

2. Let (A4, <) be a WQO. Prove that for any k € N, (A*, <¥) is also a WQO. The ordering

<¥ is obtained by component-wise application of < on the vectors of A*.

Exercise 2: Multisets are WQO

A (finite) multiset over a set X is a function m : X +— Nsuch that |[m| = {z |z € X Am(z) >
0} is finite. We denote by M (X) the set of all such multisets. Let (X, <x) be a well quasi
order and my, ms € M(X), an embedding from m; to my is defined as an injective function
¢ : |my1| — |mg] such that z <x ¢(x) and my(z) < ma(p(x)) for all x € |my]. We say
my <pr me if there is an embedding from m; to msy. Prove that (M (X), <p) is a WQO.

Exercise 3: Composition of WSTS
Consider two WSTS TSl = (F17 —1,70, <1) and TSQ = (FQ, —2, Y0, <2) We define their
composition to be T'S; ® T'Sy = (I', —, 7, <) where

e I'=11 x1IY

e (v,7) = () ity =19 and ¥ =2 ¥

* 7= (70,%)

e (Y <(Y) iy <y and ¥ <2 Y
Prove that T'S; ® T'Ss is also a WSTS.



