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Aufgabe 4.1 (Intersection non-emptiness of VASS reachability languages)

Let V1, V4 be two initalized VASS over Y. The intersection non-emptiness problem asks
whether L(V7) N L(V3) # 0 holds. Show that intersection non-emptiness is decdiable for
VASS reachability languages.

Note: This is the first step in the procedure that decides reqular separability.

Aufgabe 4.2 (VASS languages are closed under rational transductions)

Let V be an initalized VASS over ¥ and T' C ¥* x I'* a rational transduction between X

and I'. Show that the language T'(L(V)) = {T(w) | w € L(V)} is a VASS reachability
language.

Aufgabe 4.3 (Biichi boxes)

Let A = (Q,%,qo,0,Qr) be an NFA over an alphabet X. The transition equivalence
relation ~4C ¥* x ¥* is defined by v ~4 w if for all ¢,¢' € Q we have ¢ = ¢ iff ¢ = ¢.

(a) Show that ~4 is an equivalence relation with finitely many equivalence classes.

(b) Show that for every word w € ¥* the equivalence class [w]., == {v € ¥* | v ~4 w}
is a regular language.

Hint: First show that Ly g := {w eEX* | q = q’} is reqular.

Aufgabe 4.4 (The Ackermann function)

The three-argument Ackermann function ¢ is defined recursively as follows.

0: N> 5 N

e(m,n,0) = m+n

©(m,0,1) = 0

©(m,0,2) = 1

e(m,0,2) = m for x > 2

e(m,n,z) = pm,p(m,n—1,z),x—1) forn>0and x>0

(a) Formally prove the following equalities using induction:

o(m,n,0) =m + n, e(m,n,1) =m-n, w(m,n,2) =m".



(b) Nowadays, one usually considers the following two-parameter variant.

A:N?2 5 N

AO0,n) = n+1

A(m,0) = A(m—1,1) for m >0

A(m,n) = A(m—-1,A(m,n—1)) form >0andn >0

For example, we have
A(1,2) = A(0, A(1,1)) = A(0, A(0, A(1,0))) = A(0, A(0, A(0,1))) = A(0, A(0,2)) = A(0,3) =4.

Similar to this computation, write down a full evaluation of A(2,3).
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